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Abstract
We investigate a model of an asymmetric bilayer consisting of sphigomyelin,
phosphatidylcholine, and cholesterol in the outer leaflet, and phosphatidyl-
ethanolamine, (PE), phosphatidylserine, and cholesterol in the inner leaflet.
Composition fluctuations are coupled to membrane fluctuations via the bend-
ing energy which depends upon the local spontaneous curvature dominated
by the PE in the inner leaflet. This brings about a microemulsion in that
leaflet with a characteristic wavelength of 37 nm as shown by the PE-PE
structure function. Thus the inner leaflet will respond to an external per-
turbation most strongly at this length. However the correlation length is
approximately 1 nm so that composition variations are not seen in the inner
leaflet itself. Depending upon the strength of the coupling between leaflets,
the outer leaflet is either a normal fluid or is also a microemulsion. In
this model then, the lipids of the plasma membrane would not evince inho-
mogeneities, but would be primed to create them from the inner leaflet in
response to non-lipid perturbations.
1 Introduction
The hypothesis that the distribution of lipids of the plasma membrane is
not homogeneous, but rather is characterized by inhomogeneities, denoted
“rafts”, that can serve as platforms for protein function continues to draw
much attention. However much of the evidence for such inhomogeneities is
indirect (1). Furthermore there is no agreement on a physical mechanism
that would bring about such inhomogeneities, although several have been
proposed. If proteins attract some lipids in preference to others, then the ag-
gregation of proteins would be reflected in an inhomogeneous distribution of
lipids. Other mechanisms which do not require the presence of proteins have
also been proposed. For example, an excess of lipids in one region could re-
sult from liquid-liquid phase separation (2). Indeed in vitro ternary mixtures
of a saturated lipid, representing sphingomyelin (SM) in the plasma mem-
brane, an unsaturated lipid, like phosphatidylcholine (PC), and cholesterol
do undergo such a phase transition at biologically relevant temperatures (3).
Large macroscopically phase-separated regions have, in fact, been observed
in yeast vacuoles (4), but never in plasma membranes. This may be due
to the fact that the inner leaflet of the plasma membrane consists almost
entirely of unsaturated lipid so that there is little tendency for phase sep-
aration of unsaturated and saturated lipids (5). It could then be argued
that in the plasma membrane the critical temperature for phase separation
is below biological temperatures, and that the inhomogeneities are due to
fluctuations of a nearby critical point (6). If so, one has to understand why
so many different systems are just poised at the necessary distance from a
critical point that the fluctuations are just of the size thought to character-
ize rafts, between 10 and 100 nm. Further, as noted above, there is little
tendency for the inner leaflet to undergo phase separation at all. A third
line of thought is that the inhomogeneities indicate that the lipid membrane
is a two-dimensional microemulsion, a fluid with dynamic but well-defined
structure. Three-dimensional microemulsions, often consisting of oil, water,
and an amphiphile are, of course, very well-known (7). The question then
arises as to what molecule plays the role of an amphiphile in the plasma
membrane. Safran and co-workers (8, 9) have argued that the unsaturated
lipids can play such a role by orienting themselves at, or near, the inter-
face between saturated lipid-rich and saturated lipid-poor regions. There
is experimental evidence, however, that this mechanism is not the origin of
compositional inhomogeneities (10). That microemulsions could, nonethe-
less, be the source of compositional variations was noted by one of us (11)
observing that microemulsions can be produced by mechanisms that do not
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require an amphiphile. Any mechanism that can produce modulated phases
can produce a microemulsion as the latter can be thought of as resulting
from the melting, or disordering, of the former. Modulated phases have in-
deed been observed in mixtures of three, or four lipids (12–14) and in yeast
vacuoles (4) which renders plausible the idea that the plasma membrane
might be characterized as a microemulsion.
Two mechanisms that could bring about modulated phases and mi-
croemulsions without an amphiphile have been proposed. Recently Amazon
et al. (15) noted that a membrane bending modulus which varied with the
local composition could bring about modulated phases on a closed bilayer
vesicle. Earlier, Schick (11) noted that there was a significant difference be-
tween the large spontaneous curvature of PE and the relatively small one of
PS, and therefore proposed that the coupling of membrane fluctuations and
a compositionally-dependent spontaneous curvature (16) could be the mech-
anism at work. Just such a cholesterol-dependent spontaneous curvature of
PE was recently invoked by us (17) to explain the several observations that
cholesterol is located preferentially in the cytoplasmic leaflet of the plasma
membrane (18–21). It is this mechanism that we shall invoke in this paper.
Because this significant difference in spontaneous curvature of the com-
ponents is only characteristic of the cytoplasmic layer, we must treat an
asymmetric bilayer, as had been done earlier by Shlomovitz and Schick (22).
In that paper, however, the role of cholesterol was ignored, and the system
was characterized by one order parameter in each leaflet. In this paper, we
include cholesterol explicitly and characterize each leaflet by three compo-
nents; SM, PC, and cholesterol in the outer leaflet, PE, PS, and cholesterol
in the inner leaflet. Furthermore we require that the chemical potentials
of the cholesterol in each leaflet be equal reflecting the rapid exchange of
cholesterol between leaflets (23, 24). Our model is reviewed in the next
section. We calculate structure functions between various components, in
particular the PE-PE and SM-SM structure functions. We find that over a
wide range of compositions of the inner leaflet, the PE-PE structure func-
tions have a maximum at a non-zero wave number, a feature characteristic
of a microemulsion. The wave number corresponds to a length of about 37
nm. The behavior of the structure function indicates that the inner leaflet
evinces the largest response at this distance from a perturbation. The SM-
SM structure function shows that the outer leaflet is either a normal fluid or
a microemulsion depending upon the strength of the coupling between the
two leaflets. We also examine the two-particle PE-PE correlation function of
the inner leaflet obtained from the structure function. It has the form of an
exponentially damped oscillatory function. However the correlation length,
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which sets the scale of the exponential damping, is in general considerably
smaller than the wavelength of the oscillations. As a consequence, the only
observable remnant of the oscillations is that the correlation function de-
cays to zero from negative values. Consequently, while the system is quite
susceptible to perturbations of a large size, it does not, of itself, display
inhomogeneities at such a length scale.
2 Materials and Methods
We consider a bilayer which contains PS, PE, and cholesterol in the inner
leaflet, and SM, PC, and cholesterol in the outer leaflet. Further, as we know
that cholesterol tends to order the chains of the other lipids, particularly the
saturated chains of SM, we consider there to be two populations of SM; those
with more-ordered chains, SMor, and those with less-ordered chains, SMdis.
These populations freely convert between one another. This description can
produce (25, 26) the closed-loop phase diagram observed in some ternary
mixtures (27). We denote the number of molecules of each component in
the inner leaflet by NPE , NPS and NCi , and the total number of molecules
in the inner leaflet by MI . Similarly denote the number of molecules of each
component in the outer leaflet by NSMor , NSMdis , NPC , and NCo and the
total number of molecules in the outer leaflet by MO. Then the mol fractions
of the i’th component is xi = Ni/(MI +MO). It is more convenient to work
with the mol fractions defined in each leaflet separately rather than in the
total bilayer. Thus we introduce the mol fractions of the j’th component in
the inner and outer leaflets,
yj =
{
Nj
Mi
, if j = PS, PE,Ci,
Nj
Mo
, if j = SMor, SMdis, PC,Co.
(1)
We consider all lipids, save cholesterol, to have the same area per lipid,
a = 0.7 nm2, and take that of cholesterol to be raa = 0.4nm
2 (28, 29). We
assume that the areas of the two leaflets are equal which determines the
ratio of molecules in the inner leaflet, N (i), to that in the outer leaflet, N (o)
N (i)
N (o)
=
1− (1− ra)yco
1− (1− ra)yci
. (2)
From this, we can express the mol fraction of the total amount of cholesterol
in the bilayer in terms of yCi and yCo :
xC =
yCi + yCo − 2(1− ra)yCiyCo
2− (1− ra)(yCi + yCo)
. (3)
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The free energy of the system consists of several parts. First there is the
simple, regular-solution, free energy which can be written
Frs =
∫
d2rfrs
=
∫
d2r
a
[
1
(1− (1− ra)yci)
f1({yi}) + 1
(1− (1− ra)yco)
f2({yi})
]
,
where the free energies per molecule are
f1[T, yPS , yPE , yCi ] = 6PS−PEyPSyPE
+ 6PS−CyPSyCi + 6PE−CyPEyCi
+ kBT (yPS log yPS + yPE log yPE + yCi log yCi),
f2[T, ySMor , ySMdis , yPC , yCo ] = 6SMor−PCySMoryPC + 6SMdis−PCySMdisyPC
+ 6SMor−CySMoryCo + 6SMdis−CySMdisyCo
+ 6PC−CyPCyCo
+ kBT (ySMor log ySMor + ySMdis log ySMdis
+ yPC log yPC + yCo log yCo). (4)
To this we add the free energy associated with the deformation of the mem-
brane which is described by deviations, h, from a flat configuration. There
is the surface free energy
Fs =
∫
σ
2
(∇h)2 d2r, (5)
where σ is the surface tension, and the bending energy
Fb =
∫
κ
2
(∇2h−H0)2 d2r, (6)
where κ is the bending modulus and H0 is the spontaneous curvature. As in
our previous paper (17), we take the latter to be due solely to the PE and
to depend upon the cholesterol concentration in the inner leaflet
H0 = yPE
[
HPE −B yCi
ymin
+
B
λ
(
yCi
ymin
)λ]
, (7)
with B = 0.05, ymin = 0.3 and λ = 8. Note that the cross term in Eq. (6)
couples the height fluctuations to the composition-dependent spontaneous
curvature. It is this term which can bring about modulated phases and/or
microemulsions.
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The free energy includes the usual square-gradient term penalizing de-
viations from homogeneity,
Fp =
∫
1
2
5∑
i=1
bi|∇yi|2 d2r. (8)
We take bi = kBT. Lastly we include a direct coupling between leaflets which
promotes alignment of cholesterol-rich domains
Fc =
∫
fc d
2r = −
∫
Λ(yCi − yPE)(yCo − yPC) d2r. (9)
The coupling Λ is not identical to the mismatch free energy defined previ-
ously (25, 30) and recently measured (31), but we expect it to be similar
within an order of magnitude.
The total free energy is
Ftot = Frs + Fs + Fb + Fp + Fc.
We utilize the two conditions
ySMord + ySMdis + yPC + yCo = 1, (10)
yPE + yPS + yCi = 1 (11)
to reduce from seven to five the number of independent mol fractions, and
express the free energy in terms of them.
At equilibrium, a homogeneous phase is specified by these five mol frac-
tions, yi. They are determined by five conditions, as follows. From the free
energy, we calculate the chemical potentials of the two classes of SM. Be-
cause the ordered and disordered SM can freely interchange, we require that
their chemical potentials be equal
µSMdis = µSMor . (12)
Similarly, as the cholesterol in the inner and outer leaflets can exchange
freely, we require that their chemical potentials, obtained from the free en-
ergy above, be equal,
µCi = µCo . (13)
The remaining three conditions are set by specifying the ratio of the total
amount of SM to PC in the outer leaflet, the ratio of PS to PE in the inner
leaflet, and the total mol fraction of cholesterol in the bilayer, xC . These
are known from experiment (32).
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In order to determine the structure functions and correlation functions,
we assume small deviations of the compositions from their equilibrium val-
ues, yi, and small deviations h of the membrane from a flat configuration.
Extensions to a closed vesicle can be carried out (33–35) but are unnecessary
for our purposes. We expand the total free energy to second order in these
deviations. In terms of the Fourier transforms h(k) of h(r) and yi(k) of yi(r)
we obtain
Ftot =
∫
d2r
[
frs({yi}) + fc({yi}) + κ
2
H2o
]
+
A2
(2pi)2
∫
d2k
[
1
2
(κk4 + σk2)h(k)h(−k) + κk2H0(k)h(−k)
+
1
2
5∑
i=1
bik
2yi(k)yi(−k)
]
, (14)
where H0 is the Fourier transform of H0 when expanded to first order in the
compositions; i.e.
H0(k) = H0(yPE , yci)δk,0 +
∂H0
∂yPE
δyPE(k) +
∂H0
∂yci
δyci(k). (15)
Upon minimizing Ftot with respect to h(k) we find
h(k) = − κH0(k)
κk2 + σ
, (16)
which we substitute into Ftot to obtain, in Fourier space, an expression for it
entirely in terms of the compositions yi(k). Lastly we expand this expression
to second order in the yi(k) and obtain the second variation, F
(2)
tot , in matrix
form
F
(2)
tot =
A2
(2pi)2
∫
d2k{yPE(k)yci(k)ySM (k)yco(k)}M{yPE(−k)yci(−k)ySM (−k)yco(−k)}T
(17)
where ySM = ySMdis + ySMor and M is a 4× 4 matrix. From it, the matrix
of structure factors follows: S = M−1. Correlation functions are obtained
directly from the structure functions.
We now specify the properties of the membrane and of the interac-
tions. We take the bending modulus to be κ = 44kBT, appropriate to
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the plasma membrane (36), and the surface tension σ = 0.001kBT/nm
2
(37). The interactions are such that their ratios are, for the most part,
taken from experiment (38), and are the same as those we have used pre-
viously (17). We have also imposed a restrictive condition that the mod-
ulated lamellar phase not be stable for any ratio of SM to PC or PS to
PE. Of course the behavior of the plasma membtane for all such ratios is
unknown, but we impose this condition so as to avoid prejudicing a case
for the presence of a microemulsion by stabilizing a modulated phase at
values of lipid ratios near those of the actual plasma membrane. This re-
quires that we take the absolute values of the interactions to be smaller than
previously corresponding to temperatures somewhat greater than those of
Table 1 of Ref.(38). These interactions are, among components in the in-
ner leaflet, PE−Ci/kBT = 0.22, PS,Ci/kBT = −0.05, PE−PS/kBT = 0,
and in the outer leaflet PC−Co/kBT = 0.16, SMord−Co/kBT = −0.464,
SMdis−Co/kBT = −0.23, SMord−PC/kBT = 0.24, SMdis−PC/kBT = 0.
For the coupling between leaflets, we take Λ = 0.01kBT/nm
2 (39). The
ratio of the compositions of SM to PC is taken from experiment, (32)
(xSMord + xSMdis)/xPC = 1.1, as is that of PS to PE xPS/xPE = 0.52.
We take the total cholesterol composition of the bilayer to be xC = 0.41
(40).
3 Results
We find that the components of the inner leaflet display characteristics typi-
cal of a microemulsion. In particular the structure factor SPE−PE(k), shown
in Fig. 1(a), which displays the correlation between fluctuations in the con-
centration of PE in the inner leaflet, is characterized by a peak at a non-zero
wave vector k = 0.17 nm−1 which corresponds to a wavelength of λ = 37
nm. The Fourier transform of this function, the PE-PE correlation function
g(r), is shown in Fig. 1(b). It displays no oscillations because the correlation
length is ξ = 0.7 nm, much shorter than the wavelength λ. Nonetheless, it is
notable that the correlation function does not decay as a simple exponential,
but approaches its asymptotic value from below, a remnant of the exponen-
tially damped oscillatory behavior. In contrast to the inner leaflet, the outer
one does not display the characteristics of a microemulsion, but rather that
of a normal fluid. For example, the structure function SSM−SM (k), shown in
Fig. 2(a), displays a peak at zero wave vector, and the correlation function,
shown in Fig. 2(b), decays to zero from above with the same correlation
length ξ = 0.7 nm. Such a coupling of a microemulsion in one leaflet and
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1 2 3 k (nm-1)0.10.2
0.3
0.4
0.5
0.6
0.7
SPE-PE
(a) The structure factor SPE−PE(k)
peaks at k = 0.17 nm−1 with the cor-
responding wavelength of λ = 37 nm
20 40 60 80
r
0.996
0.998
1.002
1.004
gPE-PE
(b) The correlation function gPE−PE(r)
with correlation length of ξ = 0.7 nm
Figure 1: The correlation between fluctuations in the concentration of PE
in the inner leaflet
1 2 3 k (nm-1)0.10.2
0.3
0.4
0.5
0.6
0.7
SSM-SM
(a) The structure factor SSM−SM (k)
20 40 60 80
r
0.996
0.998
1.002
1.004
gSM-SM
(b) The correlation function gSM−SM (r)
Figure 2: The correlation between fluctuations in the concentration of SM
in the outer leaflet
a normal fluid in the other has been discussed previously (41, 42). If the
coupling Λ between leaflets is increased by an order of magnitude, we find
that the microemulsion in the inner leaflet is conveyed to the outer one as
evidenced by the fact that SSM−SM (k) now displays a peak at non-zero
wave vector. The structure functions arising from fluctuations in any pair
of components can be obtained. We show in Fig. 3 the Sci−ci and SPE−ci
functions. The former shows microemulsion behavior of cholesterol in the
inner leaflet, and anticorrelated behavior of PE and cholesterol in the in-
ner leaflet. Similarly Fig. 4 shows Sco−co and SSM−co . These show that
the outer leaflet is a normal fluid and that the SM and cholesterol in the
outer leaflet are correlated as expected. Finally in Fig. 5 we display SSM−ci
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1 2 3 k (nm-1)0.1
0.2
0.3
0.4
0.5
0.6
Sci-ci
(a) Sci−ci(k)
1 2 3 k (nm-1)
-0.6-0.5-0.4
-0.3-0.2-0.1
SPE-ci
(b) SPE−ci(k)
Figure 3: Two of the structure functions characterizing the inner leaflet.
1 2 3 k (nm-1)
0.5
1.0
1.5
Sco-co
(a) Sco−co(k)
1 2 3 k (nm-1)0.2
0.4
0.6
0.8
SSM-co
(b) SSM−co(k)
Figure 4: Two of the structure functions characterizing the outer leaflet
and SPE−co which shows the fluctuations in SM and cholesterol in the inner
leaflet to be correlated while those of PE and cholesterol in the outer leaflet
to be anticorrelated. In Table 1 we show the concentrations of the vari-
ous components in the two leaflets. The percentage of the total cholesterol
which is in the inner leaflet is 61% in accord with most experiments which
show that the cholesterol is either evenly divided between leaflets (24, 43),
or more abundant in the inner leaflet(18–21, 44).
That the inner leaflet is a microemulsion is due to the coupling of the
membrane curvature to the membrane spontaneous curvature, dominated by
that of PE. Thus the appearance of the microemulsion in the inner leaflet
depends upon the strength of this coupling. To consider this further, we
have multiplied by a parameter β the term κk2H0(k)h(−k) in Eq. (14)
that couples the height and composition fluctuations. We find that the
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1 2 3 k (nm-1)0.0020.004
0.006
0.008
0.010
0.012
SSM-ci
(a) SSM−ci(k)
1 2 3 k (nm-1)
-0.025-0.020-0.015
-0.010-0.005
SPE-co
(b) SPE−co(k)
Figure 5: Two structure functions characterizing the correlation between
compositions in the two leaflets.
ySMo 0.18 xSMo 0.08
ySMd 0.18 xSMd 0.08
yPC 0.32 xPC 0.16
yco 0.32 xco 0.16
yPS 0.18 xPS 0.09
yPE 0.35 xPE 0.18
yci 0.47 xci 0.25
Table 1: Lipid composition of the two leaflets is shown on the left as mol
fraction in the leaflet, and on the right as mol fraction in the bilayer.
appearance of the microemulsion in the inner leaflet is quite robust. The
strength of the coupling as measured by β would have to be reduced by
more than two orders of magnitude for the inner leaflet to behave like an
ordinary fluid as indicated by a peak at zero wave number in SPE−PE(k).
Thus there is a very large range of values of the coupling strength over which
the inner leaflet displays the properties of a microemulsion. On the other
hand, we note that with a value of spontaneous curvature appropriate to PE
the microemulsion is near its limit of stability. With an increase of β from
its value of unity by about 1.7%, the correlation functions in both leaflets,
shown in Fig. 6, clearly display exponentially damped oscillatory behavior
because the correlation lengths have increased to 41.5 and 55 nm, larger
than the wavelength of about 33 nm. An increase in the coupling strength
by 2% brings about a transition to a modulated phase.
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1 2 k (nm-1)200
400
600
800
SPE-PE
(a) SPE−PE(k) peaks at k = 0.19 nm−1
20 40 60 80
r
-10
2
3
4
5
gPE-PE
(b) gPE−PE(r), ξPE−PE = 55 nm
1 2 3 k (nm-1)0.2
0.4
0.6
0.8
1.0
SSM-SM
(c) SSM−SM (k) peaks at k = 0.19 nm−1
20 40 60 80
r
0.9990
0.9995
1.0005
1.0010
1.0015
gSM-SM
(d) gSM−SM (r), ξSM−SM = 41.5 nm
Figure 6: Exponentially damped oscillations in the correlation functions
when β = 1.0165
4 Conclusions
We have employed a model of an asymmetric plasma membrane with SM,
PC, and cholesterol in the outer leaflet and PE, PS, and cholesterol in the
inner leaflet. The membrane curvature is coupled to the concentration of PE
in the inner leaflet via a cholesterol-dependent spontaneous curvature, one
which reproduces the distribution of cholesterol between leaflets observed in
several experiments. We find that the model predicts that the inner leaflet
is almost certainly a microemulsion, but most probably a weak one with the
correlation length, of order of a few nanometers or less, being much smaller
than the wavelength of the spatial variations, of order 37 nm. Consequently
little of the latter are seen. Whether this microemulsion propagates to the
outer leaflet depends upon the strength of the coupling between leaflets.
The results of this model for the origin of “rafts” differ significantly from
those of others. In particular the model states that such inhomogeneities,
identified as arising from a microemulsion, originate in the inner leaflet.
Furthermore because the microemulsion is weak, the model predicts that
such inhomogeneities would not be present in a membrane consisting solely
of lipids. However the response of the inner leaflet to external perturbations,
due to non-lipid components, proteins perhaps, is largest at a distance of
the order of 37 nm from the site of the perturbation. The origin of this
length is clear in the model, and can be traced to the physical properties
of the membrane itself via its bending rigidity and surface tension. The
propagation of this response to the outer leaflet is enhanced by coupling
between the leaflets.
11
The strength of the microemulsion, that is the degree to which spatial
variations would be evident, depends in large part on the local spontaneous
curvature of the membrane, which points to the importance of membrane
composition. Indeed we believe that the mechanism explored here provides a
plausible explanation for the modulated phases observed in the yeast plasma
membrane (4) and other systems, both in vitro. (12–14) and in vivo (35).
Given the close connection between modulated phases and microemulsions,
it follows that these systems are very likely to display the latter as well.
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